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Abstract 
Shifts in magnetotelluric (MT) responses owing to localized source currents should be considered 
when visualizing deep subsurface resistivity structures such as the earth’s mantle. The earth is not flat 
but spherical; nevertheless, non-uniform geomagnetic temporal variations arising from localized 
source currents are evaluated on the basis of components in a Cartesian coordinate system. To address 
this issue, this study assesses the difference in source bias within MT responses of a flat earth and 
spherical earth. Apparent resistivity and phases are calculated by setting the time period and 
conductivity of the earth’s interior to 200/2000 s and 0.001 S/m, respectively, and by changing the 
vertical and horizontal distances between the source current and an observation station. A deviation in 
the biased MT responses of the flat earth and spherical earth is not observed although both shift 
strongly from the true values. We can thus treat the source bias in a Cartesian coordinate system 
although it originally arises in a spherical coordinate system. 
 
Introduction 
In magnetotelluric (MT) surveys, the primary electromagnetic (EM) fields arising from source currents 
are assumed to be horizontally uniform. Many previous studies (Madden and Nelson 1964; Schmucker 
1970; Hermance and Peltier 1970; Häkkinen et al. 1989; Pirjola 1992; Viljanen 2012) have reported 
that the MT responses at long periods and sites above resistive structures are biased owing to localized 
source currents. These studies focused on period-dependent bias, whereas Sato (2020a) and Sato 
(2020b) calculated the bias by varying the horizontal/vertical distances of the localized source currents 
from an observation station in detail. Because the distances can vary temporally (Sato 2020a, 2020b, 
and references therein), we should consider the source-dependent shifts in MT responses when 
visualizing deep and resistive subsurface structures like the earth’s mantle. 
Localized source currents are expected to cause horizontally non-uniform geomagnetic 
temporal variations. Murphy and Egbert (2018) and Wang et al. (2020) showed the relationship 
between the biased MT responses and spatial gradients of geomagnetic fields using the method 
introduced by Egbert (1999). Sato et al. (2020) presented a new method to directly assess the spatial 
gradients from raw geomagnetic spectrograms using non-negative matrix factorization (Kameoka et 
al. 2009; Kitamura 2019). These techniques are applied to x/y components in a Cartesian coordinate 
system. However, one could argue that it would be better to evaluate the spatial gradients in a spherical 
coordinate system (i.e., 𝜃/𝜑 components) because the earth is not flat but spherical. Thus, this study 
tests the difference of shifts in MT responses of a flat earth and spherical earth owing to the localized 
source currents. 
The study presents: (i) numerical examples of biased MT responses of a flat earth and 
spherical earth by changing the vertical/horizontal distances between a site and the source current; (ii) 
interpretations from these examples; and (iii) the mathematical background responsible for the 
difference of shifts in the MT impedances of both earth types. 
 
EM fields on the earth’s surface 
We use a line current and loop current in the flat earth for an equatorial electrojet (EEJ) and Sq current, 
respectively. Additionally, we assume four types of source current and earth: (a) EEJ and flat earth; 
(b) Sq current and flat earth; (c) EEJ and spherical earth; and (d) Sq current and spherical earth. The 
coordinate systems and source currents used for those cases are depicted in Fig. 1. In the coordinate 
systems for cases (a) and (b), the x-, y-, and z-axes are northward, westward, and downward positive, 
respectively, with 𝑧 = 0 at the earth’s surface. In cases (c) and (d), the earth’s surface is defined as 
𝑟 = 𝑎. The y-axis corresponds to the north pole. Because the Sq current does not flow around the north 
pole, the coordinate system in case (d) is modified, as described later. 
 
 
Figure 1. Coordinate systems used for cases (a)–(d). 𝐫 denotes a position vector. 
 
 Let us consider an example using the SI system. The source currents used for cases (a), (b), 
and (d) are defined as: 
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respectively, where 𝐼 is an electric current. The current density for case (c) is obtained by setting 𝜃௔ 
in Eq. (3) to గ
ଶ
. Let us consider a flat earth structure with a half-space of conductivity 𝜎ଵ, and that of 
the spherical earth with a sphere of radius 𝑎 and conductivity 𝜎ଵ . The EM fields on the earth’s 
surface and apparent resistivity can be represented at (𝑥, 𝑦, 0) for case (a) as: 
𝐸௬ = −𝑖𝜔
ఓబூ
ଶగ ∫
ଵ
|ఎ|ାඥఎమା௜ఠఓబఙభ
𝑒|ఎ|௭భ𝑒ି௜ఎ௫𝑑𝜂ஶିஶ , 
(4) 
𝐵௫ =
ఓబூ
ଶగ ∫
ඥఎమା௜ఠఓబఙభ
|ఎ|ାඥఎమା௜ఠఓబఙభ
𝑒|ఎ|௭భ𝑒ି௜ఎ௫𝑑𝜂ஶିஶ , 
(5) 
𝜌௫௬ =
ఓబ
ఠ
ቚா೤
஻௫
ቚ
ଶ
, 
(6) 
those at (𝜌, 𝜓, 0) for case (b) as: 
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and those at (𝑎, 𝜃, 𝜑) for cases (c) and (d) as: 
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where 𝜇଴, 𝜔, 𝐽ఔ, 𝑃௡, and 𝑘 are the magnetic permeability of free space, angular frequency, Bessel 
function of the first kind for order 𝜈 ∈ ℝ, Legendre polynomials for order 𝑛, and equal to ඥ−𝑖𝜔𝜇଴𝜎ଵ, 
respectively. Eqs. (4) and (5) and Eqs. (10) and (11) are derived following Sato (2020a) and Sato 
(2020b), respectively. Eqs. (7) and (8) are obtained as shown in Appendix A.  
 Hereafter, this paper represents parameters 𝑥, 𝜌, and 𝜌ଵ in cases (a) and (b) in degree, 
which is set to 110 km to facilitate a comparison with the results from cases (c) and (d). The variables 
𝜓, 𝜃, 𝜃௔, and 𝜑 are also unified in degree. The altitudes of the source currents are defined as the 
distance from the earth’s surface and represented in km instead of m for simplicity. When calculating 
the MT impedances, we may neglect 𝑦 in case (a), 𝜓 in case (b), 𝜑 in cases (c) and (d), and 𝐼 in 
all cases. Additionally, the distance of the source current from an observation station is shortened to 
“the distance”. 
 
MT responses at the earth’s surface 
The conductivity of the earth 𝜎ଵ and time period 𝑇 are set to 0.001 S/m and 200 s, respectively. The 
subsurface conductivity has the same value as that used for the crust in Hermance and Peltier (1970). 
Because the mantle conductivity and period used to visualize the mantle are 0.001–0.0001 S/m and 
100–10000 s, respectively, the above values are reasonable. The altitudes of the source current in cases 
(a)–(d) are varied from 100 to 600 km in 10-km increments. This range corresponds to the E (100–
150 km) and F regions (150–600 km). In cases (c) and (d), the earth’s radius 𝑎 is set to 6,400 km. 
 
Figure 2. Upper and lower panels denote MT responses of the flat earth and spherical earth, 
respectively, when using an EEJ for the source current. Left and right panels are apparent resistivity 
and phase, respectively. 
 
 Here, we compare cases (a) and (c) where an EEJ is used for the source current. The 
parameters 𝑥 and 𝜃 are varied from 0° to 30° and from 90° to 60° (i.e., from 0° to 30° N latitude), 
respectively. The integrals in Eqs. (4) and (5) are calculated using the discrete approximation and the 
convergence of each is checked. The summations in Eqs. (10) and (11) are calculated up to 𝑛 = 1000. 
The results are shown in Fig. 2. The MT responses of both earth type shifts strongly depend on the 
horizontal/vertical distance, whereas such bias appears equal. 
 We compare cases (b) and (d), in which Sq current is used for the source current. The 
observation station is assumed to be Japan that is located at 35° N. The focus latitude of the Sq current 
varies from 20° to 45° N (Yamazaki and Maute 2017). For calculating the EM fields under these 
conditions, we vary 𝜌 from 10° to 15° in case (b) because the source’s center corresponds to the z-
axis, as shown in Fig. 1b. In case (d), the coordinate system is rotated so that the source’s focus 
corresponds to the y-axis, as shown in Fig. 1d. As a result, we change 𝜃 from 10° to 15°, as case (b). 
In both cases, the variation range is set to 1°–15° because of the axial symmetry. The Sq current flow 
is high especially in the range within the circle with a radius of 10°–15° (Yamazaki and Maute 2017). 
We therefore set 𝜌ଵ and 𝜃௔ to 10°. The integrals in Eqs. (7) and (8) are calculated using the discrete 
approximation by checking their convergences. The results are shown in Fig. 3. The biases within the 
MT responses of the flat and spherical earth models due to the Sq current are large but equal. 
 
Figure 3. Same as in Fig. 2 but derived using the Sq current for the source current. 
 
 Three features can be observed in the above results (Figs. 2, 3) as: (1) the apparent resistivity 
and phase shift strongly from the true values and depend on the vertical/horizontal distance; (2) bias 
decreases with increasing distance; and (3) the shifts in the MT responses of the flat earth are the same 
as those of the spherical earth. These features are also observed in the MT impedances at the time 
period of 2,000 s (not shown). 
 
Discussion 
Here we discuss the interpretation of the above results (Figs. 2, 3) and the condition that the bias within 
the MT responses of the spherical earth deviates from those of the flat earth. The reason for the second 
feature mentioned above is well explained in Sato (2020a), although limited to case (a). 
 The skin depth, where the EM fields are attenuated by 1/e, is defined as 503ට ்ఙభ (Chave 
and Jones 2012). Substituting 0.001 S/m and 200/2000 s into 𝜎ଵ and 𝑇, respectively, yields a skin 
depth of over 200/2000 km, which corresponds to the asthenosphere/mesosphere. We must thus 
consider the bias within MT responses that arise from the localized source currents (Figs. 2, 3) if the 
target to be visualized is the earth’s mantle. As introduced above, some methods (Egbert 1999; Sato 
et al. 2020) can be used to evaluate the spatial gradients of geomagnetic fields arising from localized 
source currents. These methods are applied to the x/y components of the MT/geomagnetic data (i.e., 
in a Cartesian coordinate system). Because of the equality of the source bias within the MT responses 
of both earth types (Figs. 2, 3), the above methods are considered effective for detecting shifts owing 
to localized source currents. 
The time period is set to 20,000 s to assess the difference of bias within the MT responses 
of the flat earth and spherical earth although in actuality we cannot assume that the distance is constant 
because of the earth’s rotation. For simplicity, we focus only on the results obtained from cases (a) 
and (c). The results are shown in Fig. 4 where contour diagrams of apparent resistivity are omitted. 
 
Figure 4. Left: flat earth phase. Right: spherical earth phase. An EEJ is used for the source current. 
 
The deviation of the MT response shifts of both earth types is notable. Such features are also found in 
the biased apparent resistivity (not shown). The mathematical background regarding this feature is 
explained by focusing on the phase. As explained in Sato (2020a), by integrating by parts, the MT 
impedance of the flat earth derived from a line source current (Fig. 1a) can be represented by: 
𝑍௬௫ = −𝑖𝜔
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(13) 
where 𝑘ᇱ = ඥ𝑖𝜔𝜇଴𝜎ଵ , and 𝐶ଵ , 𝐶ଶ , 𝐷ଵ , and 𝐷ଶ are constant values. The observation station is 
located at (𝑥, 𝑦, 0). In the limit |𝑥| → ∞ or 𝑧ଵ → −∞, the plane-wave assumption holds: 
𝑍௬௫ =
ି√௜ఠ
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. 
(14) 
As a result, if the plane-wave assumption is established, the phase becomes 135°, independent of 𝜔 
(i.e., 𝑇) and 𝜎ଵ. 
The MT impedances derived from case (c) (Fig. 1c) are: 
𝑍ఝఏ = 𝑖𝜔
∑ (ଶ௡ାଵ)௉೙(ୡ୭ୱ ఏೌ)௉೙(ୡ୭ୱ ఏ)ቐ
భ
ೖೌ∙
಻
೙శభమ
(ೖೌ)
಻
೙షభమ
(ೖೌ)ቑ
ೌ೙షమ
ೃ೙షభ
ಮ
೙సబ
∑ (ଶ௡ାଵ)௉೙(ୡ୭ୱ ఏೌ)௉೙(ୡ୭ୱ ఏ)ቐଵି
೙
ೖೌ∙
಻
೙శభమ
(ೖೌ)
಻
೙షభమ
(ೖೌ)ቑ
ೌ೙షభ
ೃ೙షభ
ಮ
೙సబ
. 
(15) 
We replace 𝑘𝑎 by 𝜆 and introduce 𝐶௡(𝜆): 
𝐶௡(𝜆) =
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When 𝑛 = 0, 𝐶଴(𝜆) is equal to 
ଵ
ఒ
tan 𝜆. Let the time period approach infinity as 𝑇 → ∞. Because 𝜆 
is represented by ට−𝑖 ଶగ
்
𝜇଴𝜎ଵ𝑎, we may consider that it becomes zero. As a result, we obtain: 
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ఒ→଴
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ఒ
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(17) 
When 𝑛 = 1,2, …, we represent 𝐽௡ିభమ
(𝜆) by: 
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where 𝛤  denotes a gamma function that holds 𝑛𝛤(𝑛) = 𝛤(𝑛 + 1) (𝑛 = 1,2, … ) . Using a real 
number 𝑝, 𝜆 is written as: 
𝜆 = (1 − 𝑖)𝑝. (19) 
By substituting Eqs. (18) and (19) into Eq. (16), 𝐶௡(𝜆) is given as: 
𝐶௡(𝜆) =
ଵ
ଶ௡
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We may consider the limit 𝑝 → 0 instead of 𝜆 → 0 because of Eq. (19). Let a function 𝐹௡,௣(𝑡) 
defined on −1 ≤ 𝑡 ≤ 1 satisfy: 
𝐹௡,௣(𝑡) = (1 − 𝑡ଶ)௡𝑒௜௣௧𝑒௣௧. (21) 
The interval on 𝑝  may be defined as (0,1]  because of the limit 𝑝 → 0 , in which 𝐹௡,௣(𝑡) 
convergences pointwise to 𝐹௡(𝑡) = (1 − 𝑡ଶ)௡ . Additionally, within the range of [−1,1] , the 
relationship: 
ห𝐹௡,௣(𝑡)ห = ห(1 − 𝑡ଶ)௡𝑒௜௣௧𝑒௣௧ห ≤ 𝑒, (22) 
is established. Thus, on the basis of Lebesgue’s dominated convergence theorem, we can obtain: 
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(23) 
The right-hand side of Eq. (23) is a “real” constant value. 
 In the limit 𝑇 → ∞, the numerator and denominator of the right-hand side of Eq. (15) are 
“real” because of Eqs. (17) and (23). As a result, the phase of the spherical earth has a constant value 
of 90°. Although the time period used for Fig. 4 is not particularly long, the cause of the derivation in 
the phases of the flat earth and spherical earth can be considered as triggered, as described above.  
 
Summary 
We calculated EM fields by assuming four cases of source current type and earth model: (a) EEJ and 
flat earth; (b) Sq current and flat earth; (c) EEJ and spherical earth; and (d) Sq current and spherical 
earth. The MT response shift in all cases strongly depends on the horizontal or vertical distance 
between the source current and site. We should consider such source bias when visualizing deep 
subsurface structures like the earth’s mantle. However, the shifts in the MT responses of the flat earth 
and spherical earth are equal. Thus, we can treat the source bias in a Cartesian coordinate system 
although the actual earth is not flat but spherical. As a result, unless the target period is extremely long, 
the conventional or recent-proposed methods to evaluate the spatial gradients of geomagnetic fields 
from x/y components (i.e., Cartesian coordinate system) can be considered effective for detecting the 
source bias. 
 
Appendix A 
Here we derive the EM fields in case (b). Because we can ignore the displacement current in the MT 
method, Maxwell’s equations in the frequency domain are: 
𝛁 × 𝐄 = −𝑖𝜔𝐁, (A1) 
𝛁 × 𝐁 = 𝜇଴(𝜎𝐄 + 𝐉୭), (A2) 
𝛁 ∙ 𝐁 = 0, (A3) 
where 𝜎 denotes conductivity. We introduce the vector potential 𝐀 and scalar potential 𝛱, and the 
EM fields are represented by: 
𝐁 = 𝛁 × 𝐀, (A4) 
𝐄 = −𝑖𝜔(𝐀 + 𝛁𝛱). (A5) 
By applying a gauge transformation such that 𝐀 and 𝛱 satisfy: 
𝑖𝜔𝜎𝜇଴𝛱 = −𝛁 ∙ 𝐀, (A6) 
the equation for 𝐀 is given by: 
−∆𝐀 + 𝑖𝜔𝜎𝜇଴𝐀 = 𝜇଴𝐉୭. (A7) 
Additionally, because of 𝛁 ∙ 𝐄 = 0, we can obtain the equation for the scalar potential as: 
−∆𝛱 + 𝑖𝜔𝜎𝜇଴𝛱 = 0. (A8) 
Let us consider the EM fields above the earth’s surface. Because 𝜎  may be taken as zero, by 
substituting Eq. (2) into 𝐉୭, Eq. (A7) is given as: 
−∆𝐴ట = 𝜇଴𝐽ట௢ = 𝜇଴𝐼𝛿(𝜌 − 𝜌ଵ)𝛿(𝑧 − 𝑧ଵ). (A9) 
Because 𝐴ట is independent of 𝜓 , both sides of Eq. (A6) vanish. We can thus neglect the scalar 
potential. 
 The Fourier transform (FT) for horizontal components 𝜌 and 𝜓 and its inverse (IFT) are 
defined in this study as: 
𝑓ሚ(𝜂, 𝜑) = ∫ ∫ 𝜌𝑓(𝜌, 𝜓)𝑒ି௜ఎఘ ୡ୭ୱ(ఝିట)𝑑𝜓𝑑𝜌ଶగ଴
ஶ
଴ , (A10) 
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ଶ஠
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ଶ
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ஶ
଴ . 
(A11) 
The application of the FT in Eq. (A10) to Eq. (A9) yields: 
డమ
డ௭మ
𝐴ట෪ (𝜂, 𝜑, 𝑧) − 𝜂ଶ𝐴ట෪ (𝜂, 𝜑, 𝑧) = −𝜇଴𝐽ట
௢෩ (𝜂, 𝜑, 𝑧), 
(A12) 
where 𝐴ట෪  and 𝐽ట
௢෩  are 𝐴ట and 𝐽ట௢  are in the wave number domain. Let us consider the Green 
function for Eq. (A12), which satisfies: 
డమ
డ௭మ
𝐺(𝑧, 𝑧ᇱ) − 𝜂ଶ𝐺(𝑧, 𝑧ᇱ) = 𝛿(𝑧 − 𝑧ᇱ). 
(A13) 
As shown in Arfken et al. (2012), the solution to Eq. (A13) is: 
𝐺(𝑧, 𝑧ᇱ) = − ௘
ആ൫೥ᇲష೥൯ାఆ௘ആ൫೥ᇲశ೥൯
ଶఎ
 (0 ≥ 𝑧 ≥ 𝑧ᇱ), 
(A14) 
where 𝛺 is a constant upholding the boundary condition at 𝑧 = 0. As a result, the solution for 𝐴ట෪  
can be written as: 
𝐴ట෪ (𝜂, 𝜑, 𝑧) = ∫
ఓబ
ଶఎ
൛𝑒ఎ(௭ᇲି௭) + 𝛺𝑒ఎ(௭ᇲା௭)ൟ𝐽ట
௢෩ (𝜂, 𝜑, 𝑧ᇱ)𝑑𝑧ᇱ଴ିஶ . 
(A15) 
Using the FT in Eq. (A10) for 𝐽ట௢ , 𝐽ట
௢෩ (𝜂, 𝜑, 𝑧) is given by: 
𝐽ట
௢෩ (𝜂, 𝜑, 𝑧) = 𝐼𝜌ଵ𝛿(𝑧 − 𝑧ଵ) ∫ 𝑒ି௜ఎఘభ ୡ୭ୱ(ఝିట)𝑑𝜓
ଶగ
଴ . (A16) 
Because the integrals in Eq. (A16) can be replaced by a Bessel function of the first kind 2𝜋𝐽଴(𝜂𝜌ଵ), 
we obtain: 
𝐽ట
௢෩ (𝜂, 𝜑, 𝑧) = 2𝜋𝐼𝜌ଵ𝛿(𝑧 − 𝑧ଵ)𝐽଴(𝜂𝜌ଵ). (A17) 
Substituting Eq. (A17) into Eq. (A15), 𝐴ట෪ (𝜂, 𝜑, 𝑧) is given by: 
𝐴ట෪ (𝜂, 𝜑, 𝑧) = 𝜇଴𝜋𝐼𝜌ଵ
௘ആ(೥భష೥)ାఆ௘ആ(೥భశ೥)
ఎ
𝐽଴(𝜂𝜌ଵ). 
(A18) 
We apply the IFT in Eq. (A11) to Eq. (A18) and obtain: 
𝐴ట(𝜌, 𝜓, 𝑧) =
ఓబூఘభ
ଶ ∫ ൛𝑒
ఎ(௭భି௭) + 𝛺𝑒ఎ(௭భା௭)ൟ𝐽଴(𝜂𝜌)𝐽଴(𝜂𝜌ଵ)𝑑𝜂
ஶ
଴ . (A19) 
Because 𝐵ఘ = −
డ
డ௭
𝐴ట and 𝐸ట = −𝑖𝜔𝐴ట, the EM fields are written as: 
𝐸ట = −𝑖𝜔
ఓబூఘభ
ଶ ∫ ൛𝑒
ఎ(௭భି௭) + 𝛺𝑒ఎ(௭భା௭)ൟ𝐽଴(𝜂𝜌)𝐽଴(𝜂𝜌ଵ)𝑑𝜂
ஶ
଴ , (A20) 
𝐵ఘ = −
ఓబூఘభ
ଶ ∫ 𝜂൛−𝑒
ఎ(௭భି௭) + 𝛺𝑒ఎ(௭భା௭)ൟ𝐽଴(𝜂𝜌)𝐽଴(𝜂𝜌ଵ)𝑑𝜂
ஶ
଴ . (A21) 
 Let us consider the earth’s interior having a half-space of conductivity 𝜎ଵ. The continuity 
of the EM fields yields the relationship: 
𝛺 = ఎିඥఎ
మା௜ఠఙభఓబ
ఎାඥఎమା௜ఠఙభఓబ
. 
(A22) 
From Eq. (A20)–(A22), we can obtain the EM fields (Eqs. (7), (8)) arising from a loop current (Fig. 
1b). 
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